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‘We propose a novel empirical relation for the gravitational constant GG that incorporates the speed
of light ¢, reduced Planck constant h, the Hubble parameter Hy, the proton mass m,, the elementary

charge e, and the vacuum permittivity eo.

The formula G = ®Ho 4

3
ﬁzso :
aon 3T (mpeQ) yields a value

within 0.037% of the CODATA 2018 measurement when using the CMB-inferred Hy. This relation
suggests potential connections between quantum, electromagnetic, relativistic, and cosmological
scales, offering insights into unification frameworks amid the Hubble tension.

I. INTRODUCTION

The gravitational constant G, which quantifies the
strength of the gravitational interaction in Newton’s law
of universal gravitation and Einstein’s general relativ-
ity, remains one of the most enigmatic fundamental con-
stants in physics. Despite its central role in gravita-
tional theories, G is known with significantly less pre-
cision than other fundamental constants, with a relative
uncertainty of approximately 2.2 x 107° as per the CO-
DATA 2018 recommended value (G = 6.67430-+0.00015 x
107" m3kg~'s72) [1]. This imprecision stems from the
inherent weakness of gravity compared to other funda-
mental forces, making experimental measurements chal-
lenging and motivating theoretical efforts to express G in
terms of other, better-determined constants.

Historically, attempts to derive G from fundamental
principles have been pursued in various theoretical frame-
works, including quantum gravity, string theory, and
Planck-scale physics. For instance, in Planck units, G is
related to the Planck mass via Mp) = /hic/G, suggest-
ing a deep connection between gravitational and quan-
tum scales [2]. However, such approaches typically rede-
fine G as a derived quantity without providing a direct
relation to other measurable constants. More recent ef-
forts have explored cosmological connections, leveraging
parameters like the Hubble constant Hy, which charac-
terizes the present-day expansion rate of the universe, to
bridge gravitational and cosmological phenomena [3].

In this work, we propose a novel empirical relation for
G that combines fundamental constants from quantum
mechanics (h), electromagnetism (e, €g), particle physics
(my), relativity (c), and cosmology (Hy):

2 2 3
G=CHod (I ) (1)
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This expression yields a value for G that is remark-
ably close to the experimentally measured value, par-
ticularly when adopting the CMB-inferred Hubble con-
stant (Ho ~ 67.66 kms~! Mpc~!) from Planck 2018 data
[]. The formula’s dependence on Hj introduces sensi-
tivity to the ongoing Hubble tension, where local mea-
surements (e.g., SHOES, Hy ~ 73.0kms~! Mpc™1!) differ

significantly from cosmological inferences [5]. This ten-
sion may hint at new physics, and the proposed relation
could provide a framework to explore such connections.

The inclusion of the proton mass m, and electromag-
netic constants (e, £9) suggests a potential link between
gravitational strength and the scales of particle physics,
possibly reflecting effective field theory descriptions or
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vacuum energy contributions. The factor 229

——=% resembles

the classical electron radius adjusted by the proton-to-
electron mass ratio, which may point to a deeper struc-
tural relationship in fundamental interactions. The cos-
mological term Hy further ties G to the large-scale dy-
namics of the universe, potentially aligning with theories
that connect gravitational coupling to cosmic expansion
or dark energy.

This work aims to numerically validate Eq. , explore
its dimensional consistency, and discuss its implications
for unification schemes. By situating G at the intersec-
tion of quantum, electromagnetic, relativistic, and cos-
mological physics, we hope to stimulate further theoreti-
cal investigations into the fundamental nature of gravity
and its role in a unified description of nature.

II. NUMERICAL VERIFICATION

To assess the validity of the proposed relation for the
gravitational constant , we compute its numerical
value using the CODATA 2018 recommended values for
the fundamental constants [I] and the Planck 2018 CMB-
inferred Hubble constant [4]. The constants are:

e Speed of light: ¢ = 2.99792458 x 108 ms~!

e Reduced Planck constant: A = 1.054571817 x
10734 Js

e Proton mass: m, = 1.672621 92369 x 10727 kg
e Elementary charge: e = 1.602176634 x 107 C

e Vacuum permittivity: 8.854 1878128 x

107 12Fm™!

Eo =

e Mathematical constant: 7 =~ 3.14159265359



e Hubble constant: Hy = 67.66kms™ ' Mpc =~
2.1927 x 107871 (Planck 2018 CMB) [4]

We evaluate Eq. in steps to ensure clarity. First,
compute the electromagnetic term:

h2€0

5
mpe

(2)
Numerically:

e h? = (1.054571817 x 1073%)2 =~ 1.112119 x
10—68 J2S2

o m, = 1.67262192369 x 10727 kg
o 2 = (1.602176634x 10~ 19)2 ~ 2.566 970 x 1038 C2

sy = 88541878128 x 1072Fm~! =
8.854 1878128 x 10712C2/J/m

Thus:
K2 B 1.112119 x 1098 J2g2
mye? © 1.67262192369 x 10—27kg - 2.566 970 x 10—38 C2’

A 2.5928 x 1074 Jm? /C?
(3)

Multiplying by eo:

h2€0
2

~ 2.5928 x 10~* Jm?/C?
mpe

4
-8.8541878128 x 10712C?/J/m )
~ 2.2958 x 10~ ° m.

Cubing this term:

2 3
( e ) ~ (2.2958 x10719)3 ~ 1.2098 x 10~ 4 m?. (5)
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Next, evaluate the prefactor:

62H04
—— T 6
Using:
o 2 = (299792458 x 10%)? =~ 8.987551789 x
1016 m?2 /2

o Hy~ 21927 x 10718571
o /2~ 1.414213562
e h=1.054571817 x 10734 Js

o 47~ 418879020479

Compute:

?Hy _ 8.987551789 x 10'°m?/s? - 2.1927 x 10~ 18571
Van 1.414213562 - 1.054 571817 x 10—34 J s
~ 1.3228 x 109 kg~ 's72,

(7)

since Joule = kg - m? /s?. Multiplying by the numerical
factor:

C2H0 4 697 —1 —2
an3" 1.3228 x 109 kg 's 72 - 4.18879020479
~ 5.5414 x 1099 kg ts72

Finally, combine:

G ~ 5.5414 x 10 kg™ s72.1.2098 x 10~** m?

9
~ 6.6768 x 10711 m? /kg /s> ©)

This result is remarkably close to the CODATA 2018
value of G = 6.67430 x 10711 m?/kg/s?, with a relative
discrepancy of:

6.6768 — 6.67430
6.67430

~ 0.00037 (0.037%).  (10)

This error is well within the combined uncertainties of
G (~ 0.02%) and Hy (~ 0.6%) [11 [4].

To explore the sensitivity to Hy, we recompute using
the local measurement from the SHOES collaboration,

Hy = 73.0kms~ ! Mpc ~ 2.3652 x 10718571 [5]. This
increases the prefactor proportionally:
73.0
—— ~1.079 11
67.66 ’ (11)

yielding:

G =~ 1.079-6.6768x 10~ m® /kg/s? ~ 7.2090x 10~ m? /kg/s?,

(12)
with a relative discrepancy of:

7.2090 — 6.67430
6.67430

~ 0.080 (8.0%). (13)

This larger deviation highlights the formula’s prefer-
ence for the CMB-inferred Hy, consistent with the ongo-
ing Hubble tension [4 [5]. The uncertainty in Hy domi-
nates the error budget, as other constants (¢, fi, my, e,
go) are known to much higher precision (~ 1077).

We also consider the propagation of uncertainties. For
simplicity, assuming negligible errors in all constants ex-
cept Hy (om,/Ho =~ 0.006), the relative uncertainty in



G scales linearly with Hy, yielding a fractional error of
~ 0.6%, still insufficient to account for the 8.0% discrep-
ancy with the SHOES Hy. This suggests the relation may
encode physical constraints favoring the cosmological Hy.

The numerical agreement with the CMB-derived Hj is
striking and motivates further investigation into the the-
oretical origins of Eq. , particularly its implications for
models reconciling gravitational and cosmological scales.

III. DISCUSSION

The proposed relation for the gravitational con-
stant , offers a remarkable numerical agreement
with the CODATA 2018 value of G = 6.67430 x
10~ m3 /kg/s?, achieving a relative discrepancy of only
0.037% when using the CMB-inferred Hubble constant
Hy = 67.66kms~'Mpc ' [4]. This precision, com-
bined with the formula’s incorporation of constants from
quantum mechanics (%), electromagnetism (e, €g), par-
ticle physics (m,), relativity (c), and cosmology (Hy),
suggests a potential bridge across disparate domains of
physics. Here, we explore the theoretical and cosmologi-
cal implications of Eq. , its sensitivity to the Hubble
tension, and possible directions for further investigation.

A. Sensitivity to Particle Mass Scales

To investigate the specificity of the proton mass m,, in
Eq. , we recompute the gravitational constant G us-
ing alternative particle mass scales: the neutron mass m,,
and the unified atomic mass unit m,. These calculations
employ the same CODATA 2018 values for the other con-
stants and the Planck 2018 CMB-inferred Hubble con-
stant Hy = 67.66kms~! Mpc =~ 2.1927 x 10718571,

The neutron mass is m,, = 1.674927 49804 x 1027 kg,
derived from the CODATA 2018 relative atomic mass
Ar(n) = 1.00866491595(49) and u = 1.660 539 066 60 x
10727kg. The unified atomic mass unit is m, = u =
1.660 539 066 60 x 10727 kg.

The results are presented in Table [, compared to
the proton case and the CODATA 2018 value G =
6.67430x 1071t m? /kg/s%. The relative discrepancies are

Geomputed —GCODATA

calculated as e
CODATA

TABLE I. Computed G for different mass scales using CMB-
inferred Hy.

Mass m (kg) G (x107)  Discr. (%)
Proton (mp)  1.67262 x 1027 6.6768 0.037
Neutron (m,) 1.67493 x 107%7 6.6493 0.375
Unified (m,)  1.66054 x 10727 6.8236 2.237

The proton mass yields the closest agreement (0.037%
discrepancy), well within experimental uncertainties.
The neutron mass, approximately 0.13% heavier than the

proton, results in a slightly smaller G due to the inverse
cubic dependence on mass, leading to a ~10x larger dis-
crepancy. The unified atomic mass unit, lighter than the
proton by ~0.72%, produces a larger G and ~60x worse
agreement. This specificity suggests the formula is tuned
to the proton scale, potentially reflecting the dominance
of baryonic matter (primarily protons) in macroscopic
gravitational interactions.

For the SHOES Hy = 73.04kms~! Mpc, the proton
case yields G = 7.2077 x 10~ m?3 /kg /s (7.99% discrep-
ancy ), underscoring the formula’s sensitivity to the Hub-
ble tension.

1. Dependence on Hy with Error Bands

Figure [1] illustrates the predicted G (proton mass)
as a function of Hy over the range 60-80 kms~! Mpc,
based on the linear relation G = kHy with k ~ 9.868 x
1013 m3 /kg/s?/(km/sMpc). The central line shows the
prediction; the shaded band reflects the Planck 2018 un-
certainty oy, = 0.42kms~! Mpc, propagated as parallel
bands. The horizontal dashed line marks the CODATA
G.
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FIG. 1. Predicted G vs. Hp (proton mass) with Planck error
band (40.42 km s~ Mpc™*). The CODATA 2018 G is shown
as a dashed line.

This visualization highlights how the formula favors
Hy values near the CMB inference, with the CODATA
G intersecting at Hy ~ 67.7 km s~ Mpc™!, reinforcing
its potential as a cosmological diagnostic.

B. Cosmological Implications and the Hubble
Tension

The dependence of Eq. on Hy is particularly sig-
nificant given the ongoing Hubble tension, where lo-
cal measurements (e.g., Hy = 73.0kms~! Mpc™! from



SHOES [5]) deviate from CMB-based inferences by ap-
proximately 8-10% [4, [B]. As shown in Section II,
using the SHOES value increases the computed G to
7.2090 x 1071 m? /kg/s?, a discrepancy of 8.0% from the
CODATA value. This sensitivity suggests that the for-
mula preferentially aligns with the CMB-derived Hy, po-
tentially reflecting a cosmological framework where grav-
itational coupling is tied to the early universe’s expansion
dynamics.

The Hubble tension may indicate new physics, such as
time-varying dark energy, modified gravity, or additional
relativistic species [6]. If Eq. has a fundamental ba-
sis, its dependence on Hy could serve as a diagnostic tool
for probing such phenomena. For instance, a theoreti-
cal derivation of the formula might reveal whether Hy
enters as a present-day expansion rate or as a proxy for
a primordial scale, such as the vacuum energy density
at a specific epoch. The factor 02}?0, with dimensions
[M~1T~2], resembles a coupling strength modulated by
cosmic time, suggesting a possible link to dynamical grav-
itational theories or holographic principles [7].

C. Connections to Quantum and Particle Physics

The appearance of the proton mass m, and electro-
77,250
mpe?
As noted in Section III, this term has dimensions [L] and
numerically evaluates to 2.2958 x 10~!° m, resembling a
modified classical electron radius scaled by the proton-
to-electron mass ratio. This suggests a connection to
the scales of hadron physics or quantum electrodynamics
(QED). The cubing of this term introduces a volume-like
factor, which could correspond to a characteristic length
scale cubed, possibly related to a gravitational or field-
theoretic interaction volume.

One speculative interpretation is that m,, reflects the
dominance of baryonic matter in gravitational interac-

tions at macroscopic scales, while the electromagnetic
2

magnetic constants (e, £9) in the term is intriguing.

constants tie G to the fine-structure constant oo = #Ohc.
Rewriting the electromagnetic term:
h2e 1 h  4meghc
702_7.7-7r3 7 (14)
mpe dr  mye e
we note that mipc = A is the reduced Compton wave-
length of the proton, and % ~ é =~ 137.
h2e A
= (15)

mpe? 4o

This structure hints at a possible QED-gravity interplay,
where the gravitational constant emerges from quan-
tum and electromagnetic scales adjusted by proton-mass
physics. Such a connection could arise in effective field
theories or unified models where gravity is an emergent
phenomenon [g].

D. Theoretical Frameworks

The numerical factors v/2 and %71’ in Eq. suggest a
geometric or statistical origin. The factor %ﬂ is charac-
teristic of spherical volumes, possibly indicating a spatial
averaging over a field configuration or a geometric con-
straint in a higher-dimensional theory. The /2 may arise
from a normalization, such as in a quantum field theory
with paired interactions or a symmetry-breaking mecha-
nism. These factors could point to a specific theoretical
framework, such as loop quantum gravity, where grav-
itational coupling is quantized at Planck scales [9], or
a holographic model where G is derived from boundary
conditions [7].

The formula’s structure also invites comparison to
% de-
fines a natural scale for quantum gravity, but Eq.
replaces Mp; with a combination of m,, Hy, and electro-
magnetic constants. This suggests a possible redefinition
of gravitational scales in terms of observable quantities,
potentially bypassing the need for a fundamental Planck
mass.

Planck-scale physics. The Planck mass Mp) =

E. Introduction of the Volume and Density Terms

The equation:

4 (Y
Vo= g7 (zo) (16)

mpe

defines a characteristic volume V}, based on the term
h250
mpe? )
and multiplying by %71' yields a volume, [L?], suggesting
a spherical region associated with the proton mass m,,
electromagnetic constants (e, £¢), and quantum scale (%).

Numerically, 1215602 ~ 2.2958 x 10~ m, and:

which has dimensions of [L]. Cubing this term

V, ~ =7 (22058 x 1079 m)” ~ 1.2098x 10 m?. (17)

ol W~

This volume may represent a characteristic scale for
gravitational or quantum-electromagnetic interactions,
possibly related to a Compton-like length adjusted by
electromagnetic coupling. The factor %W suggests a
spherical geometry, which could arise from a field-
theoretic averaging or a higher-dimensional compactifi-
cation [10].

Let us introduce density-like term,

h
= —, 18
Ph v, (18)

with dimensions:



2m—1
ol = M Sy )
[L7]

This quantity resembles a momentum density or ac-
tion density, suggesting that pj encapsulates the quan-
tum action (k) distributed over the characteristic volume
V,. Physically, pr, ~ 8.7169103736 x 10° kg m~' s~ may
represent a fundamental density scale linking quantum
and gravitational interactions, potentially tied to vacuum
fluctuations or effective field configurations [§].

F. Reformulation of the Gravitational Constant

Equation expresses G as:

- 02H0
V2p5

which, as shown in Section II, yields G =~ 6.6768 x
10~ m3 /kg/s? with a 0.037% discrepancy from the CO-
DATA 2018 value when using the CMB-inferred Hy =
67.66 kms~! Mpc [I, 4]. Dimensionally:

G

(20)

?Hy=12T"2.7 ' =L%T73,
prn=ML'T™,

SO:

¢®Hy [L2T 7] —17 3mr—2
= Ry =ML e

matching the dimensions of G, with v/2 being dimen-
sionless. The term ¢?H, introduces relativistic and cos-
mological scales, where Hy &~ 1/tuniverse links gravita-
tional strength to the age of the universe. The factor v/2
may reflect a normalization or symmetry factor, possibly
arising from a quantum or statistical averaging process.

The dependence on Hy makes the formula sensi-
tive to the Hubble tension, where local measurements
(Hy = 73.0kms~!Mpc) yield a larger G ~ 7.2090 x
1071 m3 /kg/s?, an 8.0% discrepancy (Section II) [5].
This suggests that Eq. may favor a cosmological
framework aligned with CMB data, potentially con-
straining models of dark energy or modified gravity [6].

IV. CONCLUSION

The empirical relation for the gravitational constant
, represents a significant step toward unifying fun-
damental constants across quantum mechanics, electro-
magnetism, particle physics, relativity, and cosmology.
As demonstrated in Section II, the formula yields a

value of G ~ 6.6768 x 10711 m?/kg/s? when using the
CMB-inferred Hubble constant Hy = 67.66 kms~! Mpc,
achieving a relative discrepancy of only 0.037% com-
pared to the CODATA 2018 value of G = 6.67430 x
10~ m3 /kg/s? [, 4]. This remarkable numerical agree-
ment, combined with the formula’s dimensional consis-
tency (Section III), suggests that it may capture a fun-
damental relationship between gravitational strength and
other physical scales.

The inclusion of constants such as the proton mass
my, elementary charge e, and vacuum permittivity e
points to a potential interplay between gravitational and
quantum-electromagnetic interactions, possibly reflect-
ing an effective field theory framework or an emergent
gravity paradigm [7,[8]. The dependence on Hy, the Hub-
ble constant, ties the gravitational constant to the cos-
mic expansion rate, positioning the formula as a probe of
the Hubble tension, where discrepancies between CMB-
based and local measurements of Hy suggest possible new
physics [4H6]. The formula’s preference for the CMB-
derived Hj, as shown by the larger 8.0% discrepancy
with the SHOES value, underscores its cosmological sig-
nificance and potential to inform models of dark energy
or modified gravity.

The geometric factors V2 and %w hint at a deeper
theoretical structure, possibly related to spherical
geometries, field-theoretic normalizations, or higher-
dimensional frameworks [9], [10]. These elements suggest
that Eq. may arise from a unified theory where grav-
ity emerges from quantum and cosmological scales, a hy-

pothesis that warrants further theoretical exploration.

Looking forward, the formula opens several avenues
for research. A rigorous derivation from first principles,
perhaps within quantum gravity, string theory, or holo-
graphic models, could elucidate its physical origins. Ex-
perimental tests, such as precision measurements of G
or improved determinations of Hy from future cosmolog-
ical observations (e.g., James Webb Space Telescope or
next-generation CMB experiments), may further validate
or constrain the relation [I, 4]. Additionally, exploring
whether the formula generalizes to other particle masses
(e.g., neutron or electron) or holds in modified gravity
theories could clarify its scope and universality [IT].

In conclusion, Eq. provides a compelling framework
for linking gravitational physics with quantum, electro-
magnetic, and cosmological domains. Its numerical pre-
cision, dimensional consistency, and sensitivity to cosmo-
logical parameters position it as a valuable tool for prob-
ing fundamental physics. By bridging disparate scales,
this relation invites a reevaluation of the gravitational
constant’s role in a unified description of nature, encour-
aging both theoretical and experimental efforts to un-
cover its deeper significance.



Appendix A: Dimensional Analysis

To ensure the physical validity of the proposed rela-
tion for the gravitational constant , we perform a
detailed dimensional analysis to confirm that the right-
hand side yields the correct dimensions of G, which are
[M~'L3T~2] in SI units. The constants involved are:

e Speed of light: ¢, [LT™}]

e Hubble constant: Hg, [T~!]

e Reduced Planck constant: h, [ML2T~}]
e Proton mass: m,, [M]

¢ Elementary charge: e, [Q] (where Q denotes charge
in ST units)

e Vacuum permittivity: g, [Q?M~1L73T?]

e Numerical factors v/2 and %w, which are dimen-
sionless

We analyze the expression in two parts: the prefactor

3
2 2

2Hg 4 : h’eq
Jan 3T and the electromagnetic term ( P62> .

1. Prefactor Analysis

Consider the prefactor:

Cj;;;gﬂ'. (A1)

The dimensions are:
e % [LT71? = [L2T 2
o Ho: [T7]
e h: [ML2T™1]
e /2 and %71’5 dimensionless
Thus:

T = ERm = MO ()

The dimensionless factors v/2 and %7‘( do not alter this,
so the prefactor has dimensions:

M~tT2). (A3)
2. Electromagnetic Term Analysis
Now, evaluate the electromagnetic term:
h2
= (A4)
mpe
The dimensions are:
o % [ML2T71)% = [M2L4T 2
o m,: [M]
o % Q7
e g0 [Q°MTIL73T?)
First, compute:
h? [MPLAT 2 4—2 =2
= = [ML*T™*Q™“]. A5
me? Q] M (A9
Multiplying by eo:
h250_ 4m—2—2 2 f—17 —3m2] _
L= ML'T2Q 7] [QPM'LPTY =[], (A6)
mpe
Cubing this term:
h280 3
= [L]°. A7
(5s) - (a7)

3. Combining Terms

Now, combine the prefactor and the electromagnetic
term:

6= (M) (L) = MOLATY (an)

This matches the dimensions of G, confirming that
Eq. is dimensionally consistent.
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